Abstract. The lower dimensional Busemann-Petty problem asks, whether n-dimensional origin-symmetric convex bodies, having smaller i-dimensional sections, necessarily have smaller volumes. For i = 1, the affirmative answer is obvious. For i > 3, the answer is negative. For i = 2 and i = 3, the problem is still open, except when the body with smaller sections is a body of revolution. In this case the answer is affirmative. The paper contains a complete solution to the problem in the more general situation, when the body with smaller sections is invariant under orthogonal transformations preserving coordinate subspaces R ℓ and R n−ℓ of R n for arbitrary fixed 0 < ℓ < n.
Introduction
Let G n,i be the Grassmann manifold of i-dimensional linear subspaces of R n , and let vol i (·) denote the i-dimensional volume function.
Question: Is it true, that for origin-symmetric (o.s.) convex bodies A and B in R n , the inequality
This question, asked by G. Zhang [Z1] , generalizes the celebrated Busemann-Petty problem [BP] corresponding to i = n − 1 [BP] . The latter has a long history, and the answer is affirmative if and only if n ≤ 4; see [G] , [GKS] , [K3] , [R2] . For i = 1, the implication (1.1) → (1.2) is obvious for any o.s. star bodies. In the case i = 2, n = 4, an affirmative answer follows from the solution of the BusemannPetty problem. For 3 < i ≤ n − 1, a negative answer was given by Bourgain and Zhang [BZ] . The proof in [BZ] was corrected in [RZ] . An alternative proof was given in [K2] . In the cases i = 2 and i = 3 for n > 4, the answer is generally unknown, except when the body with smaller sections is a body of revolution. In this specific case the answer is affirmative [GZ] , [Z2] , [RZ] . It is also known [BZ] , that when i = 2 and B is a Euclidean ball, then the answer is affirmative provided that A is convex and sufficiently close to B. On the other hand [Mi2] , for i = 2 and i = 3, there is a small perturbation A of a Euclidean ball, so that the implication (1.1) → (1.2) is true for arbitrary o.s. star body B. Some modifications of the Busemann-Petty problem and related problems for intersection bodies were studied in [K3] , [Lu] , [Mi1] , [RZ] , [R4] , [Y] , [Zv] , where one can find further references.
In the present paper we give a complete solution to the problem stated above, when the body with smaller sections is invariant under orthogonal transformations preserving coordinate subspaces R ℓ and R n−ℓ of R n for arbitrary fixed integer 0 < ℓ < n. The case ℓ = 1 corresponds to bodies of revolution. It turns out that, when the answer is affirmative, the originally stated problem is essentially overdetermined and the overdeterminicity can be removed using canonical angles between subspaces.
Main results. For 1 ≤ ℓ < n, consider the subgroup of orthogonal transformations (1.3) K ℓ = γ ∈ O(n) : γ = α 0 0 β , α ∈ O(n − ℓ), β ∈ O(ℓ) .
A star body A is K ℓ -symmetric if γA = A for all γ ∈ K ℓ . Clearly, every K ℓ -symmetric body is origin-symmetric. We fix coordinate unit vectors e 1 , e 2 , . . . , e n and set
Re j ;
Every K ℓ -symmetric body in R n can be obtained rotating an axially symmetric 2-dimensional body in the plane (e 1 , e n ) about the subspaces R ℓ and R n−ℓ . A typical example is the (q, ℓ)-ball (1.5) B n q,ℓ = {x :
The relative position of a subspace ξ ∈ G n,i with respect to the coordinate subspace R ℓ is defined by m = min(i, ℓ) canonical angles ω 1 , . . . , ω m ; see, e.g., [C] , [J] . Let (1.6) G ℓ n,i = {ξ ∈ G n,i : ω 1 = . . . = ω m }, m = min(i, ℓ),
be the submanifold of all ξ ∈ G n,i with the property, that all canonical angles between ξ and R ℓ are equal. The structure of the set G ℓ n,i can be understood as follows. Let λ 1 = cos 2 ω 1 , . . . , λ m = cos 2 ω m . These are eigenvalues of the positive semi-definite matrix
where σ and τ are arbitrarily fixed orthonormal frames of size n × ℓ and n × i, spanning R ℓ and ξ, respectively; σ ′ , τ ′ , P ξ , P R ℓ stand for the relevant transposed matrices and orthogonal projections. We arrange λ 1 , . . . , λ m in non-increasing order and regard λ = (λ 1 , . . . , λ m ) as a point of the simplex
The set G ℓ n,i corresponds to the edge {λ 1 = . . . = λ m } of this simplex. This correspondence is not one-to-one, however, every K ℓ -invariant function on the Grassmann manifold G n,i is completely determined by its values on G ℓ n,i [R5] . We will show that if the body A with smaller sections in (1.1) is K ℓ -symmetric, then, to make a positive conclusion (1.2) about volumes, it suffices to consider only sections by subspaces ξ ∈ G ℓ n,i . Our main result is the following. Theorem 1.1. Let 1 ≤ i, ℓ ≤ n − 1, and let A be a K ℓ -symmetric star body in R n .
(a) If i ≤ ℓ, then the implication
is true for every o.s. star body B.
(b) If i = ℓ + 1 or i = ℓ + 2, then (1.9) holds for every o.s. star body B provided that A is convex.
(c) If i > ℓ + 2, and B n 4,ℓ = {x : |x ′ | 4 + |x ′′ | 4 ≤ 1}, then there is an infinitely smooth K ℓ -symmetric convex body A, such that
Open problem. We wonder, whether (1.9) always holds for i = ℓ + 1 and ℓ + 2, when the body A with smaller sections is non-convex. The conjecture is that the answer is negative, i.e., there exist a non-convex K ℓ -symmetric body A and an o.s. star body B so that vol i (A ∩ ξ) ≤ vol i (B ∩ ξ) for all ξ ∈ G n,i (not only for all ξ ∈ G ℓ n,i !), but vol n (A) > vol n (B); cf. [G, Theorem 8.2.4] for n = 3, ℓ = 1.
The paper is organized as follows. In Section 2 we study properties of the spherical Radon transform of K ℓ -invariant functions. These are needed in Section 3 to prove affirmative statements (a) and (b) of Theorem 1.1. The negative statement (c) is proved in Section 4 by making use of known facts for intersection bodies. This notion was introduced in the remarkable paper by E. Lutwak [Lu] and extended by G. Zhang [Z2] and A. Koldobsky [K2] to the case of lower dimensional sections. An interrelation of intersection bodies and (q, ℓ)-balls is studied in Appendix. In particular, we generalize some results from [K3] , corresponding to ℓ = 1, give an alternative proof of the negative part of Theorem 1.1, and state another open problem (for intersection bodies); see Problem 5.9.
The author is grateful to Prof. Alexander Koldobsky for useful discussion.
Notation: We use standard notations O(n) and SO(n) for the orthogonal group and the special orthogonal group of R n with the normalized invariant measure of total mass 1. For 1 ≤ i < n, we denote by G n,i the Grassmann manifold of i-dimensional subspaces ξ of R n ; dξ stands for the O(n)-invariant probabilistic measure on G n,i . In the following, S n−1 is the unit sphere in R n ; σ n−1 = 2π n/2 /Γ(n/2) is the area of S n−1 ; e 1 , e 2 , . . . , e n denote the coordinate unit vectors. Let M n,i be the space of real matrices having n rows and i columns. For X ∈ M n,i , X ′ denotes the transpose of X, I i is the identity i × i matrix;
is the Stiefel manifold of orthonormal i-frames in R n . For τ ∈ V n,i , {τ } denotes the i-dimensional subspace spanned by τ . All vectors in R n are interpreted as column-vectors.
The Spherical Radon Transform of K ℓ -Invariant Functions
For functions f (θ) on S n−1 and ϕ(ξ) on G n,i , we define the spherical Radon transform R i f and its dual R * i ϕ by (2.1)
where the measures d ξ θ and d θ ξ are normalized so that R i 1 = σ i−1 and R * i 1 = 1. The corresponding duality relation has the form (2.2)
and is applicable provided the integral in either side is finite for f and ϕ replaced by |f | and |ϕ|, respectively; see [He] , [R1] .
In this section we obtain explicit expressions for
Re j , and set
Every θ ∈ S n−1 is represented in bi-spherical coordinates as
so that dθ = sin n−ℓ−1 ω cos ℓ−1 ω dudvdω; see, e.g., [VK] . Clearly, cos
where P R ℓ denotes the orthogonal projection onto R ℓ . The following statement is an immediate consequence of (2.5).
is the cosine of the angle between the unit vector θ and the coordinate subspace R ℓ . Moreover,
. . , ω m be the canonical angles between the subspace ξ ∈ G n,i and the coordinate plane R ℓ ,
Suppose that f is a K ℓ -invariant function on S n−1 , so that f (θ) = f 0 (t), t = cos 2 ω, where ω is the angle between θ and R ℓ . Then the Radon transform R i f has the form (R i f )(ξ) = F (λ), where
Proof. We set
and let ρ ξ ∈ SO(n) be a rotation that takes the subspace
Then η ′ u = η ′ u 1 , and we have
Consider the case ℓ < i and write u 1 in the form (cf. [Mu, p. 589] )
where r is a positive semi-definite ℓ × ℓ matrix defined by (2.12)
Hence,
Since ℓ < i, then {p ℓ } ⊂ {p i }, and we can write ζ in bi-spherical coordinates
so that dζ = cos ℓ−1 ψ sin i−ℓ−1 ψ dvdwdψ. This gives p ′ ℓ ζ = v cosψ, and therefore,
Finally, we diagonalize r = σ ′ P ξ σ by setting r = γ ′ λγ, where γ ∈ O(ℓ) and λ = diag(λ 1 , . . . , λ ℓ ). Changing variables, we obtain (2.8).
Consider the case ℓ ≥ i. We replace u 1 in (2.11) by p ′ i ρ ′ ξ σ from (2.10) and let τ ∈ V n,i be an arbitrary orthonormal i-frame in ξ. We can always choose ρ ξ so that
τ is positive semi-definite and can be diagonalized as above. Hence, (2.11) yields
Corollary 2.3. If all canonical angles in Theorem 2.2 are equal, that is,
(2.14)
This corollary motivates the following Definition 2.4. We denote by G ℓ n,i the submanifold of all i-dimensional subspaces ξ with the property that all canonical angles between ξ and R ℓ are equal.
We note that the Radon transform is overdetermined if the dimension of the target space is greater than the dimension of the source space. However, if f is K ℓ -invariant, then, by Corollary 2.3, the overdeterminicity can be easily removed if we restrict (R i f )(ξ) to ξ ∈ G ℓ n,i . Then, to recover f , it suffices to invert the Abel type integral (2.14).
K ℓ -Symmetric Bodies and Comparison of Volumes
3.1. Setting of the problem and preliminaries. We will be dealing with origin-symmetric (o.s.) star bodies in R n , n ≥ 2. Every such body B is a star-shaped origin-symmetric compact set, whose radial function
is continuous on S n−1 . The function ρ B (θ) is the Euclidean distance from the origin to the boundary of B in direction θ. The Minkowski functional of B is defined by ||x|| B = min{a ≥ 0 : x ∈ aB}, so that
When ξ is a proper subspace, this is a constant multiple of the spherical Radon transform, namely,
. If ξ coincides with R n , then (3.1) gives the volume of B. An origin-symmetric star body B is called infinitely smooth if ρ B (θ) ∈ C ∞ even (S n−1 ). Problem. Let A and B be o.s. star bodies in R n , such that
where i is a fixed integer, 1 ≤ i ≤ n − 1. We wonder, when (3.2) implies
For i = 1, an affirmative answer is obvious. Unlike the lower dimensional Busemann-Petty problem stated in Introduction, now we do not stick to convex bodies. The reason is that the implication (3.2) → (3.3) may be valid without any convexity assumption (see Theorem 1.1 (a)) and we want to understand how the convexity comes into play.
In this and the next sections we give a complete answer to this question when the body A with smaller sections is symmetric with respect to the coordinate subspaces
Re j . It means that K ℓ A = A where K ℓ is the group (1.3). We call an o.s. star body with this property K ℓ -symmetric.
By Lemma 2.1, the radial function ρ A (θ) of a K ℓ -symmetric star body A is completely determined by the angle ω between θ and the subspace R ℓ . Hence, we can set
By Theorem 2.2, the Radon transform (R i f )(ξ), ξ ∈ G n,i , of every K ℓ -invariant function f is actually a function of the canonical angles between ξ ∈ G n,i and R ℓ . Restricting (R i f )(ξ) to ξ ∈ G ℓ n,i (see Definition 2.4), we can remove overdeterminicity of R i f . As we shall see below, the lower dimensional Busemann-Petty problem inherits this overdeterminicity, and the latter can be removed in the same way by considering sections by subspaces ξ ∈ G ℓ n,i only. We will need the following auxiliary lemmas.
Lemma 3.1. The group K ℓ preserves canonical angles between ξ ∈ G n,i and R ℓ .
Proof. The proof relies on (1.7). Let first ℓ < i, ξ = {τ }, τ ∈ V n,i . It suffices to check that for every γ ∈ K ℓ , matrices r = σ ′ τ τ ′ σ and
Since βrβ ′ and r have the same eigenvalues, we are done.
If ℓ ≥ i, we have to compare eigenvalues of matrices s = τ ′ σσ ′ τ and s γ = τ ′ γ ′ σσ ′ γτ . These matrices coincide, because, as we have already seen, γ ′ σ = σβ ′ , and therefore,
Proof. By the generalized Minkowski inequality,
and the result follows.
Lemma 3.4. Let A and B be o.s. star bodies in R n , 1 ≤ ℓ ≤ n − 1. If A is K ℓ -symmetric, and
Integrating this inequality in γ and taking into account that R i commutes with orthogonal transformations, we obtain
This implies vol
3.2. The case i ≤ ℓ. The following proposition represents part (a) of the main Theorem 1.1.
Proof. By Lemma 3.4, for all ξ ∈ G ℓ n,i we have
Hence, by (2.15) and (3.4),ρ
3.3. The case i > ℓ. We will need some sort of duality which is a one-dimensional analog of the duality (2.2) for the Radon transforms and serves as a substitute for remarkable Lutwak's connection [Lu] between the Busemann-Petty problem and intersection bodies. According to (2.14), the Radon transform (R i ρ i A )(ξ), restricted to ξ ∈ G ℓ n,i , is represented by the Abel type integral
where λ 1/2 ∈ (0, 1) is the cosine of the canonical angles between ξ and R ℓ (we remind that for ξ ∈ G ℓ n,i , these angles are equal). Denote the right-hand side of (3.9) by (I +ρ i A )(λ) and define the dual integral operator (3.10) (I − ψ)(t) = c 1 t
The integral (3.10) resembles the classical Riemann-Liouville integral
Lemma 3.6. Let 1 ≤ ℓ < i ≤ n − 1 and suppose that A is a K ℓ -symmetric body in R n . If there is a non-negative function g on (0, 1), which is integrable on every interval (δ, 1), 0 < δ < 1, and such that (3.13) (1 − t)
then the implication
Proof. By (2.6),
Hence, owing to (3.10), (3.11), and (3.13),
n,i , then, by (3.9) and (3.7),
and therefore,
Now Hölder's inequality yields vol n (A) ≤ vol n (B 0 ), and the result follows by Lemma 3.3.
Up to now, the K ℓ -symmetric body A with smaller sections was arbitrary. To handle the case i > ℓ, we additionally assume that A is convex. The following lemma enables us to reduce consideration to smooth bodies.
Lemma 3.7. Let A and B be o.s. star bodies in R n . If the implication
is true for every infinitely smooth K ℓ -symmetric convex body A, then it is true when A is an arbitrary K ℓ -symmetric convex body.
Proof. Given a K ℓ -symmetric convex body A, let A * = {x : |x · y| ≤ 1 ∀y ∈ A} be the polar body of A with the support function h A * (x) = max{x·y : y ∈ A * }. Since h A * (·) coincides with Minkowski's functional || · || A , then h A * (·) is K ℓ -invariant, and therefore, A * is K ℓ -symmetric. It is known [Schn, , that any o.s. convex body in R n can be approximated by infinitely smooth convex bodies with positive curvature and the approximating operator commutes with rigid motions. Hence, there is a sequence {A * j } of infinitely smooth K ℓ -symmetric convex bodies with positive curvature such that h A * j (θ) converges to h A * (θ) uniformly on S n−1 . The latter means, that for the relevant sequence of infinitely smooth K ℓ -symmetric convex bodies
This implies convergence in the radial metric, i.e., 
Let us show that the sequence {A j } in (3.17) can be modified so that A j ⊂ A. The idea of this argument was borrowed from [RZ] . Without loss of generality, assume that ρ A (θ) ≥ 1. Choose A j so that
n−1 as j → ∞, and
n,i . Then this is true when A is replaced by A ′ j , and, by the assumption of the lemma, vol n (A ′ j ) ≤ vol n (B). Passing to the limit as j → ∞, we obtain vol n (A) ≤ vol n (B).
The next proposition gives part (b) of Theorem 1.1.
holds for every o.s. star body B.
Proof. By Lemma 3.7, we can assume ρ A ∈ C ∞ (S n−1 ). If i = ℓ + 2, then (3.13) becomes (1 − t)
To check that g is nonnegative, we set t = 1 − s, r(s) = s
1/2ρ
A (1 − s), s = sin 2 ω, and get
If θ = u sin ω + v cos ω ∈ S n−1 , u ∈ S n−ℓ−1 ⊂ R n−ℓ , v ∈ S ℓ−1 ⊂ R ℓ , and P u,v is a 2-plane spanned by u and v, then A ∩ P u,v is a convex domain, which is symmetric with respect to the u and v axes. Since s = sin 2 ω, then r(s) = s
A (1 − s) is non-decreasing, and therefore, r ′ (s) ≥ 0. This gives g(1 − s) ≥ 0, s ∈ (0, 1), or, equivalently, g(t) ≥ 0 for all 0 < t < 1. Now the result follows by Lemma 3.6.
Let i = ℓ + 1. We set κ A (t) = (1 − t) (n−i−1)/2ρn−i A (t) and reconstruct g(t) from (3.13) using fractional differentiation as follows:
The last integral is a non-decreasing function of p, and therefore, the derivative of it is non-negative. Hence, g(t) ≥ 0 for all 0 < t < 1 and, by Lemma 3.6, we are done.
It is natural to ask, whether the implication (3.18) is always true when i > ℓ + 2. The study of intersection bodies in the next section and in Appendix shows that the answer to this question is negative, even if we consider all central i-dimensional sections, i.e., vol i (A ∩ ξ) ≤ vol i (B ∩ ξ) for all ξ ∈ G n,i , not only for ξ ∈ G ℓ n,i .
The negative part of the main theorem
The proof of the negative part of Theorem 1.1 relies on the concept of the i-intersection body.
Definition 4.1. Let M + (S n−1 ) be the space of non-negative finite Borel measures on S n−1 ; 1 ≤ i ≤ n − 1. An o.s. star body K in R n is an i-intersection body if there is a measure µ ∈ M + (S n−1 ) such that
where ξ ⊥ is the (n−i)-dimensional subspace orthogonal to ξ. We denote by K i,n the set of all i-intersection bodies in R n .
The notion of the i-intersection body was introduced by Koldobsky [K2, Definition 3] . It generalizes the notion of the intersection body, corresponding to i = 1, which was introduced in [GLW] following Lutwak's ideas [Lu] . Our Definition 4.1 differs from the original one in [K2] , which was given in terms of the Fourier transforms. However, both definitions are equivalent; see [R3] for details.
It is worth noting, that the name "i-intersection body" was first adopted by Zhang [Z2] for another class of bodies related to the lower dimensional Busemann-Petty problem. We say, that an o.s. star body K in R n belongs to Zhang's class Z i,n if there is a non-negative measure ν on G n,i such that ρ
This statement is due to Koldobsky [K2, Corollary 3 ]. An alternative proof was given in [R3] . To the best of our knowledge, the validity of the opposite embedding represents an open problem.
We will also need the following lemma, which resembles Theorem 12.2 from [Lu] .
Lemma 4.3. Let B be an infinitely smooth K ℓ -symmetric convex body with positive curvature. If B / ∈ Z i,n , then there is an infinitely smooth
Proof. Since the map R
Since B is K ℓ -symmetric, then, without loss of generality, we can assume ϕ to be K ℓ -invariant. Otherwise, owing to invariance of R * i under orthogonal transformations, we can replace θ in (4.2) by γθ, γ ∈ K ℓ , then integrate in γ, and get (4.2) with ϕ replaced by the K ℓ -invariant functionφ(ξ) = K ℓ ϕ(γξ)dγ. By the assumption of the lemma, there exist δ > 0 and θ 0 ∈ S n−1 such that ϕ(ξ) is negative for all ξ in the open domain Ω δ = {ξ ∈ G n,i : d(S n−1 ∩ ξ, θ 0 ) < δ}, d(·, ·) being the geodesic distance on S n−1 . Since ϕ is K ℓ -invariant, then it is negative for all ξ in the orbit K ℓ Ω δ . Consider the spherical cap B = {θ : d(θ, θ 0 ) < δ}, and let B ′ denote the antipodal cap centered at −θ 0 . Choose a nonnegative function g ∈ C ∞ even (S n−1 ), g ≡ 0, supported in B ∪ B ′ and letg(θ) = K ℓ g(γθ)dγ, g 1 = R ig . The function g 1 = R ig is infinitely smooth, supported in K ℓ Ω δ , and positive there. Thus, we have (4.3)
The function r ε is infinitely smooth, K ℓ -invariant, and its first and second derivatives converge uniformly to zero as ε → 0. Since B has a positive curvature, it follows, that A has a positive curvature too, if ε is small enough. This conclusion is a consequence of Oliker's formula [Ol] , according to which the Gaussian curvature of a o.s. star body expresses through the first and second derivatives of the radial function. Furthermore, by (4.4),
On the other hand, by (4.4), (2.2), and (4.3),
and, by Hölder's inequality, vol n (B) < vol n (A).
Re j ,
The set B n q,ℓ is an o.s. star body. If q ≥ 1, it is convex and || · || q,ℓ can be regarded as a norm in R n .
Theorem 4.4. If q > 2 and 0 < i < n − ℓ − 2, then B n q,ℓ is not an i-intersection body.
Proof. Suppose the contrary, that B n q,ℓ is an i-intersection body, and consider the section L of B n q,ℓ by the (n − ℓ + 1)-dimensional coordinate plane H spanned by e 1 and R n−ℓ . By Proposition 3.17 from [Mi1] , L is an i-intersection body in H. This contradicts to Theorem 4.21 from [K3] , according to which L is not an i-intersection body when 0 < i < n − ℓ − 2.
Replacing i by n − i and using Theorems 4.4 and 4.2, we obtain the following statement.
Corollary 4.5. If q > 2 and ℓ + 2 < i ≤ n − 1, then the ball B n q,ℓ does not belong to Zhang's class Z i,n .
Choose q = 4, so that B n 4,ℓ is an infinitely smooth K ℓ -symmetric convex body with positive curvature. By Lemma 4.3, Corollary 4.5 implies the following negative result.
Proposition 4.6. If ℓ + 2 < i ≤ n − 1, then there is an infinitely smooth K ℓ -symmetric convex body A such that
. This proposition proves part (c) of Theorem 1.1.
Appendix: Intersection Bodies and (q, ℓ)-Balls
A short proof of the negative part of Theorem 1.1 in the previous section relies on Theorem 4.4 about (q, ℓ)-balls and i-intersection bodies. The core of Theorem 4.4 is Theorem 4.21 from [K3] which was established using the so-called the Second Derivative Test; see [K3, Theorem 4.19] . It would be interesting to find an answer to the following general question: which (q, ℓ)-balls are i-intersection bodies?
In this section, we investigate this question and present an alternative proof of Theorem 4.4, which is longer, but still might be instructive. Along the way, we generalize some results from [K3] corresponding to ℓ = 1. In some cases, this generalization is elementary. In others, it requires new technical tools. For the sake of completeness, we present all proofs in details.
The class K i,n of i-intersection bodies can be characterized in terms of positive definite Schwartz distributions. Specifically, let S = S(R n ) be the Schwartz space of rapidly decreasing infinitely differentiable functions on R n and S ′ = S ′ (R n ) the dual of S. The Fourier transform of F ∈ S ′ is defined by
A distribution F ∈ S ′ is positive definite if the Fourier transformF is a positive distribution, i.e., F , φ ≥ 0 for every non-negative φ ∈ S.
Theorem 5.1. An o.s. star body K in R n is an i-intersection body, if and only if || · || −i K is a positive definite distribution. In particular, any o.s. convex body in R n is an i-intersection body for each i = n − 3, n − 2, n − 1 such that i ≥ 1. This result is due to Koldobsky [K3, Theorem 4.8, Corollary 4.9 ]. An alternative proof of the first statement can be found in [R3] .
Consider the Fourier integral
The function γ q,ℓ (η) is uniformly continuous on R ℓ and vanishes at infinity.
Proof. (Cf. [K3, p. 44 , for ℓ = 1]). For η = 0, the statement is obvious. It is known (see, e.g., [SW] ), that
This gives the result for q = 2. Let 0 < q < 2. By Bernstein's theorem [F, Chapter 18, Sec. 4] , there is a non-negative finite measure µ q on [0, ∞) so that e −z q/2 = ∞ 0
The Fubini theorem is applicable here, because, by (5.3),
Our next concern is the behavior of γ q,ℓ (η) when |η| → ∞. If q is even, then e −|·| q is a Schwartz function and therefore, γ q,ℓ is infinitely smooth and rapidly decreasing. In the general case, we have the following Lemma 5.3. For any q > 0,
Proof. For ℓ = 1, this statement can be found in [PS, Chapter 3, Problem 154] and in [K3, p. 45] . In the general case, the proof is more complicated and relies on the properties of Bessel functions [Er] . By the well-known formula for the Fourier transform of a radial function (see, e.g., [SW] ), we can write γ q,ℓ (η) = I(|η|), where
Integration by parts yields
and changing variable z = s q r q , we obtain
We actually have to compute the limit A 0 = lim δ→0 A(δ). To this end, we invoke Hankel functions H
(1)
. This is a single-valued analytic function in the z-plane with cut (−∞, 0]. Using the properties of the Bessel functions [Er] , we get
Then we write A(δ) as A(δ) = Re ∞ 0 e −zδ h ℓ/2 (z 1/q ) dz and change the line of integration from [0, ∞) to ℓ θ = {z : z = re iθ , r > 0} for small θ < πq/2. By Cauchy's theorem, owing to (5.5) and (5.6), we obtain A(δ) = Re ℓ θ e −zδ h ℓ/2 (z 1/q ) dz. Since for z = re iθ , h ℓ/2 (z 1/q ) = O(1) when r = |z| → 0 and h ℓ/2 (z 1/q ) = O(r (ℓ−1)/2q e −r 1/q sin(θ/q) ) as r → ∞, by the Lebesgue theorem on dominated convergence, we get
To evaluate the last integral, we again use analyticity and replace ℓ θ by ℓ πq/2 = {z : z = re iπq/2 , r > 0} to get
To finalize calculations, we invoke McDonald's function K ν (z) so that
This gives
then interchange the order of integration and use the Parseval equality. This gives
Both integrals are expressed through Gamma functions, and the result follows. The interchange of the order of integration in these calculations can be easily justified using Lemma 5.3 and Fubini's theorem.
After this preparation, we can proceed to studying (q, ℓ)-balls
Re j . There is an intimate connection between geometric properties of the balls B n q,ℓ and the Fourier transform of the power function || · || p q,ℓ . The case q = 2 is well-known and associated with Riesz potentials; see, e.g., [St] .
and γ q,n−ℓ (ξ ′ ) be the functions of the form (5.1). We define
(i) Let ξ ′ = 0 and ξ ′′ = 0. If q is even, then the integral (5.9) is absolutely convergent for all p > −n. Otherwise, it is absolutely convergent when −n < p < 2q. In these cases, h p,q,ℓ (ξ) is a locally integrable function away from the coordinate subspaces R ℓ and R n−ℓ .
(
The first integral is dominated by c a
and is finite for p > −n. The second integral can be estimated by making use of Lemma 5.3. Specifically, if q is not even, then
If q is even, then γ q,ℓ and γ q,n−ℓ are rapidly decreasing and I 2 ≤ c ε,a
This gives what we need. (ii) If −n < p < 0, the same argument is applicable with ε = 0. In this case, I 2 does not exceed ||γ q,n−ℓ || 1 ||γ q,ℓ || 1 ∞ 1 t p−1 dt. The latter is finite when p < 0, because, by Lemma 5.3, γ q,n−ℓ and γ q,ℓ are integrable functions on respective spaces. When ξ → ∞, one can readily check that h p,q,ℓ (ξ) = O(|ξ| m ) for some m > 0, and therefore, h p,q,ℓ ∈ S ′ (R n ). To compute the Fourier transform (|| · || p q,ℓ ) ∧ (ξ), we replace ||x|| Interchange of the order of integration in this argument can be easily justified using absolute convergence of integrals under consideration.
Theorem 5.6. If 0 < q ≤ 2, then B n q,ℓ is an i-intersection body for any 0 < i, ℓ < n.
Proof. Owing to Lemma 5.2, the function (5.9) (with p replaced by −i) is positive, and therefore, by Lemma 5.5, || · || −i q,ℓ represents a positive definite distribution. Now the result follows by Theorem 5.1.
In the case q > 2, we have the following negative result.
Theorem 5.7. If q > 2 and 0 < p < n − ℓ − 2, then the S ′ -distribution ||·|| −p q,ℓ is not positive definite, and therefore, B n q,ℓ is not an i-intersection body when 0 < i < n − ℓ − 2.
Proof. The second statement follows from the first one by Theorem 5.1. To prove that || · || −p q,ℓ is not positive definite, it suffices to show that its Fourier transform h −p,q,ℓ (ξ) ≡ h −p,q,ℓ (ξ ′ , ξ ′′ ) is negative for some ξ. The latter becomes obvious, if we prove that the Mellin type integral (5.11) M(z) = R n−ℓ |ξ ′ | z h −p,q,ℓ (ξ ′ , e n ) dξ ′ , e n = (0, . . . , 0, 1), is negative for some real z. Let us evaluate M(z). We assume (5.12) max(ℓ − n, −p − q) < z < min(q, ℓ − p), which enables us to apply Fubini's theorem below. By (5.9) (with p replaced by −p),
t n−p−1 γ q,n−ℓ (ξ ′ t) γ q,ℓ (e n t) dt = q Γ(p/q) ∞ 0 t n−p−1 γ q,ℓ (e n t) dt
s q,n−ℓ (z) ∞ 0 t ℓ−p−z−1 γ q,ℓ (e n t) dt.
Since γ q,ℓ is a radial function, the last integral can be written as
The validity of application of Fubini's theorem is provided by (5.12), owing to which s q,n−ℓ (z) and s q,ℓ (−p−z) are represented by absolutely convergent integrals. Thus, (5.13) M(z) = q σ ℓ−1 Γ(p/q) s q,n−ℓ (z) s q,ℓ (−p − z), where, by Lemma 5.4, (5.14) s q,n−ℓ (z) = 2 z+n−ℓ π (n−ℓ)/2 σ n−ℓ−1 Γ((z + n − ℓ)/2) Γ(−z/q) qΓ(−z/2) , ℓ − n < z < q, (5.15) s q,ℓ (−p − z) = 2 ℓ−p−z π ℓ/2 σ ℓ−1 Γ((ℓ − p − z)/2) Γ((p + z)/q) qΓ((p + z)/2) , −p − q < z < ℓ − p. Looking at these Gamma functions, we conclude: s q,n−ℓ (z) > 0 if ℓ − n < z < 0, s q,ℓ (−p − z) < 0 if − min(q, 4) − p < z < −2 − p (we remind that q > 2). It means, that when ℓ − n < −2 − p (which is exactly what was assumed in the theorem !), there is a non-void interval (−2 − p − ε, −2 − p), ε > 0, on which s q,n−ℓ (z) and s q,ℓ (−p − z) have different signs and M(z) < 0. This completes the proof. We see that Theorem 5.7 agrees with Theorem 4.4 above. Combining Theorem 5.7 with Theorem 5.1, we arrive at the following conclusion.
Theorem 5.8. Let 1 ≤ i < n, q > 2. If i ≥ n − 3, then B n q,ℓ is an i-intersection body. If i < n − ℓ − 2, then B n q,ℓ is not an i-intersection body.
When ℓ > 1, we have a gap n − ℓ − 2 ≤ i < n − 3, which is not covered by this theorem and does not appear in the case ℓ = 1 studied in [K3] .
Resuming our consideration, we ask the following question.
Problem 5.9. Is B n q,ℓ an i-intersection body, when n−ℓ−2 ≤ i < n−3, q > 2?
